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PROGRAMMED CONTROL OF ADDITIONAL DEPLOYMENT OF A SPACE
TETHER WITH RECOVERY OF ITS INITIAL VERTICAL ORIENTATION

The additional deployment of a two-body space tether with a massless cable is studied to develop a feed-forward control by the mode of
increasing the length of a previously deployed space tether with the recovery of its initial vertical orientation. The motion equations of
the variable length tether, written in spherical coordinates, are used for it. The developed feed-forward control by the length of the tether
provides the necessary change of its angular momentum under the effect of the gravitational torque. The novelty of the results consists
of developing a new approach to creating control for underactuated mechanical systems, which have a number of control channels
less than the number of degrees of freedom. Here, a tether length control is developed, which allows for the control of its motion about
the pitch axis, using only one tether length control channel. The passive but controlled effect of the gravitational torque on the tether is
used for this purpose. 1o achieve this effect, it is proposed to impose restrictions on the motion of the tether about the pitch axis, which
formally reduces the number of system degrees of freedom. This allows the implementation of the set motion mode with control only on
the remained degree of freedom. The type of such restrictions is defined based on physical reasons. By accounting for all requirements
for the mode of additional deployment, it is possible to develop the law of varying the pitch angle over time, which is described by a
seventh-order polynomial. Detailed numerical research on the effect of mode parameters, such as the duration of deployment and
expected shape of the pitch angle law vs. time, on the length of the unrolled tether and the character of its behavior during deployment
is conducted. An example is provided numerically for the application of the developed method. Numerical simulation of the mode is
carried out within the integration of the initial value problem for the Hill-Clohessy-Wiltshire equations. Quantitative estimation of
errors of numerical simulation is conducted. The results of the calculations are illustrated graphically.
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1. INTRODUCTION

Various modes of the motion of space tethers are
widely described in the scientific literature. Compre-
hensive analysis of potential applications for space
tethered systems (STS) is carried out in publications
[1, 4,6, 13, 18, 20, 36]. The greatest number of pub-
lications in the field of STS dynamics are devoted to
the modes of deployment and retrieval of these sys-
tems. The authors use different mechanical models
of tethers. The detailed analysis of such models is
givenin [4, 13, 19, 31].

Many new methods have been developed for the
creation of control for deployment and retrieval
modes of space tethers in recent years. In [9], there
is an in-depth examination of the control techniques
and tactics employed by STS. A novel full-order slid-
ing mode tension control scheme for the deploy-
ment/retrieval of the STS is proposed in [17]. The
designed control technologies can guarantee the as-
ymptotic stability of the full-order sliding mode dy-
namics. This method not only allows the system to
adapt to uncertainty factors but also to bring it to a
steady state within a limited time. A new fractional
order tension control law is proposed in [27, 28] for
stable tether deployment and retrieval. Unlike exist-
ing integer-order control laws, which are based on
the feedback of the current state and memoryless, the
fractional order control law has the memory of previ-
ous states and thus controls the tether retrieval more
smoothly while maintaining the retrieving speed.

An adaptive super-twisting control for the deploy-
ment of space-tethered systems with the consider-
ation of uncertainty of external and internal distur-
bances with unknown boundaries is proposed in [10].
Control of deploying to a predetermined length of
an extended tether system into the vertical position
is considered in [32]. The STS model has distributed
parameters, in which the thread is represented as a
set of point masses connected by elastic links.

Widespread attention to the dynamics of space
formation has led to increased research in this area
in recent years. The main reasons for the growing
interest in the study of tethered formation lie in its
promised applications in space, such as interfero-
metric measurements, cargo transportation, auroral
observation, and stereoscopic observation. The spin-
ning stability of a triangular tethered satellite forma-
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tion that flies in low Earth orbit is studied in [36].
A dynamic similarity between the on-orbit dynamics
and ground experimental models is built to construct
an equivalent ground experiment to verify the stabil-
ity analysis. The dynamics and control of tethered
satellite formations in low Earth orbits are studied in
[7]. Analysis of the deployment of a three-mass teth-
ered satellite formation is presented in [8]. The or-
bital tethered system consists of three nanosatellites
connected via tethers end-to-end, and the desired
arrangement for the end masses is an equilateral tri-
angle. Dynamic behavior analysis and stability con-
trol of tethered satellite formation deployment are
studied in [38]. Two stability control laws for tether
release rate and tether tension are proposed here to
control tether length variation. A sliding mode adap-
tive control strategy of a spinning electrodynamic
tether formation during its spin-up process is pro-
posed in [14, 15] to track spinning motion and stabi-
lize deformation by adjusting only electrical current.

Interest in the problem of space debris, which has
increased in recent years, has initiated the emergence
of research connected with the use of STS for remov-
ing spacecraft from orbits after they have finished
functioning. For example, [24] studies the deploy-
ment dynamics of proposed novel tether configura-
tions for orbital debris removal. Tether elements are
simulated using two numerical models: a lumped
mass node system connected by massless spring-
damper elements and an absolute nodal coordinate
formulation model. The paper [21] provides novel
insights into the feasibility of tether de-orbiting for
various mission phases, such as stabilization after
capture, de-orbit burn (plus stabilization), and sta-
bilization during atmospheric pass, highlighting the
importance of various critical mission parameters,
such as the tether material.

Many approaches to the deployment of tethers in
the position along the local vertical are known. It is
connected with the fact that the vertical configura-
tion of a tether of constant length is steady relative
to the local vertical [16]. Such a deployment is car-
ried out, as a rule, during two stages. Free deploy-
ment is used in most cases at the initial stage. [26].
The system of deployment gives an initial impulse
to a subsatellite, and the thread is unwound without
resistance. At the end of the first stage, the thread is
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broken, and after its tension, the tether enters the
mode of libratory oscillations under the influence of
the restoring torque of the gravity forces. A long time
is required to stop the tether in a radially aligned po-
sition. This time will be spent on internal damping
in the viscoelastic thread. Yet there are methods of
acceleration of this mode. Such a case is studied in
[2]. The pendular oscillations, which arise during the
primary deployment of the tether with the viscoelas-
tic thread, are damped parametrically. In this mode,
the thread is pulled in at the return points of libra-
tional oscillations and is released near the local verti-
cal periodically. Such a mode is directly contrary to
the parametrical excitation of pendulum oscillations.

Reference [3] is devoted to the study of tension
control of a tether at the first stage of deployment.
The various ways of tether deployment with speed
control are described and analyzed in [4, 12, 13, 19].
One can assign to shortcomings of such a control
method the fact that it is difficult to damp longitudi-
nal elastic oscillations of a tetherat its use. Consider-
able longitudinal oscillations can cause the tether to
lose the tension of the thread. It, in turn, will lead to
the loss of control of its deployment/ retrieval.

Tether tension control is widely described in the
literature. This control gives an opportunity for
damping of elastic longitudinal oscillations of the
tether if they occur. The various strategies for con-
trol in such deployment scenarios and devices for
their implementation are discussed in [5, 8, 15, 17,
23, 27, 28—30, 33, 34, 39]. The problem of optimal
control for high-speed performance is solved for a
simple system with a massless thread in [25]. The law
of relay control of the thread tension is determined
as a result. The advantage of this method is that it
allows deploying a tether from one vertical position
in the same another at minimum pitch angles. The
shortcomings of such control are that implementa-
tion of the relay law is rather difficult, especially with
the weak thread tension. Besides, the possibility of
initiation of longitudinal elastic oscillations at relay
control is very high.

From a practical point of view, there is no need to
hold the tether in close proximity to the local verti-
cal during deployment. It is enough that the control
should lead the tether to the local vertical at the end
of the process.
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Many mechanical models of space tethers with
massless thread are known, the motion of which oc-
curs in a circular orbit. Only one control channel re-
lated to the change in tether length is used in such
models (tether length control. deployment speed
control, and tension control). At the same time,
the number of degrees of freedom in this mechani-
cal model equals two. The second degree of freedom
is connected with the motion of a tether about the
pitch axis. Such a tether can be considered as an un-
deractuated mechanical system in which the num-
ber of degrees of freedom is greater than the number
of control channels. This feature of the mechanical
model of a tether with massless threads was ignored
for a long time. As a result, for example, the problem
of deployment of the tether in a vertical position had
no practical solution for a long time.

Recently, interest in such underactuated mechani-
cal systems has increased. In [39], the tether is con-
sidered as an underactuated mechanical system. A
new controller for the modes of tether deployment
and retrieval based on the use of a formed virtual
signal is offered there. The authors showed that the
pitch angle, which has no direct control, can be op-
erated using data on tether length. Considering the
underactuation problem of the electrodynamical
tether, a sliding mode controller with an adaptive
law is proposed to track spinning motion and stabi-
lize deformation by adjusting only electrical current
[14,15]. The discussion of the deployment strategy
for a 3-body chain-type tethered satellite system in
a low-eccentric elliptical orbit is presented in [11].
Two deployment strategies are discussed. Then, the
tension on the tether is used to deploy it to the de-
sired length and suppress its sway motion, resulting
in an underactuated and input-constrained system.
Hierarchical sliding mode control with anti-windup
technology is employed to overcome the above chal-
lenges. The study of the underactuated attitude track-
ing control problem of a tethered spacecraft during
tether deploying and spinning is presented in [30].
The main contribution here is the development of an
underactuated tracking controller with an adaptive
barrier function that inhibits unknown disturbance.
A sliding mode control approach is proposed to sta-
bilize a class of underactuated systems that are in cas-
caded form [35].
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The difficulties in implementing the scenarios de-
scribed above and the difficulties of creating control
laws for the modes of tether deployment/retrieval
in the steady vertical configuration in orbit can be
avoided by imposing additional constraints on the
system to reduce the number of its degrees of free-
dom. This will make the system no longer underactu-
ated, and the problem of developing the programmed
control for the considering mode of deployment
becomes significantly simplified. The restrictions
should align with the parameters of the mode being
studied, focusing on determining suitable pitch angle
behavior over time. Further details on how to achieve
this, based on the work [37], will be provided.

2. MATHEMATICAL MODEL OF THE SYSTEM

Choose two equal point masses connected by an elas-
tic massless thread as the mechanical model of the
tether. As we do not consider the modes of the tether
motion when the thread can be reeled up on the end
bodies, the geometrical sizes of the end bodies do not
matter. The assumption of massless thread is justified
for tethers with light threads made of modern syn-
thetic materials. The analysis, which was performed
in [23], showed that accounting of the mass of thread
in the model of the tether does not result in essential
differences in the motion of such a tether from the
motion of a tether whose mass is concentrated in the
end bodies.

As shown in calculations, the distance between the
mass center of the tether of considered types and its
center of gravity is significantly less than the length of
the tether. Therefore, we will consider that the tether
mass center moves on an orbit.

Introduce an orbital reference system Cx%y°z"
with the origin at the tether mass center. Let the axis
Cx°" be directed along the geocentric position vec-
tor, Cy°" along the orbital velocity, and Cz°" along the
normal to the orbit plane. Thus, the axes Cx°" and
Cy°" lie within the orbit plane, while the axis Cz?"
lies outside it.

Choose the central Newtonian force field as the
gravitational field model. Determine the position
vectors ry, r, of point masses in relation to the point
C by their projections in the orbital frame of refer-
ence:

=g o AT = s )

Choose these projections and their time derivatives
as phase variables of the problem.

3. TETHER LENGTH EXTENSION SCENARIO

For a demonstration of opportunities of the proposed
method, consider further the problem of the length
extension of two bodies tether with massless connec-
tion, which is already deployed, aligned to the local
vertical, and its length is L, . Let us demand that the
tether should be aligned to the local vertical again
after the increase in length up to the set value L.
Now it is necessary to obtain the expression for the
constraint imposed on the uncontrollable variable
which is the pitch angle 3. Consider the tether dis-
tance between bodies’ mass centers as a control vari-
able. Upon an increase in length, according to the
theorem of change of angular momentum, the tether
begins to deviate towards negative values 3 since its
angular momentum does not change considerably
at a small pitch angle when the gravitational torque
is small. Since the tether should be motionless on
the local vertical at the initial and final instants by
the terms of the problem, the following conditions
should be satisfied:

8(0)=0_ H(T;)=0, (1)

9(0)=0, (T,)=0. )

Here, T, is the time of termination of the deploy-
ment mode, the dots over the variables indicate their
differentiation with respect to time 7.

As a result, the dependence 3(f) as a rough ap-
proximation may look as in Figure 1. In the begin-
ning, the tether deviates in the negative direction
about the axis Cz%, thereby causing the emergence of
the gravitational torque, which counteracts this de-
viation. At rather large deviations, the gravitational
torque aims to recover the vertical orientation of the
tether. The research objective is to construct such a
law of change of the tether length, in which the gravi-
tational torque, increasing the angular momentum of
the tether, leads it to the local vertical with the per-
formance of conditions (2).

Conditions (1) and (2) do not reflect all of the re-
quirements of practice imposed on the tether within
the considered deployment mode. The following
conditions should be satisfied during the tether de-
ployment, from initial length L; to final length L :
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L0)=L,, L(Ty)=L,. 3)

The first of these conditions is met in advance, the
second condition can be used later to determine the
time T,unknown in advance. This value will allow
choosing the suitable solution to the problem from
the set of solutions obtained for various values T
or other parameters of the deployment process that
have an influence on the final length of the tether.

Two more conditions follow from the requirement
of constancy of the tether length at the initial and fi-
nal instants:

L0)=0, L(T,)=0. (4)

The emergence of jumps of tension in the thread
is inadmissible, both at the initial and final instants
of the process and during all maneuvers, as they can
lead to the disappearance of thread tension. It will
make the accepted mechanical model inadequate.
The lack of jumps in tension at the initial and final
instants is reached when the following conditions are
met:

L(0)=0, I(T,)=0.

These conditions follow directly from the tether
equation of longitudinal motion in spherical coor-
dinates [4] (the case of motion in the orbit plane),
which, with the notations accepted here, takes the
form

L=L[(8+ 0" ) +3(0” ) cos* 3 — (" )*]-2T /..
(5)
Here ®” is the orbital angular speed, T is the
tether tension force, m=m, m,/(m,+m,), m;,m,
are the end bodies masses.
Really, when performing conditions (1), (2),
L=L3(e") -2T/m=0. (6)
Now, it is necessary to construct the tether length
control law that allows us to achieve our objective
of deploying the tether “from rest to rest” to the set
length. The physical interpretation of this control
is as follows: the angular momentum of the tether
changes during deployment under the influence of
the gravitational torque to a vector value that cor-
responds to the angular momentum of the vertically
aligned tetherat t =T, .
Use the motion equation of an inextensible tether
of variable length in spherical coordinates for in-
plane rotation to create the necessary program con-
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T, t
Figure 1. A rough approximation of the dependence 3(7) dur-
ing deployment

trol law. Following [4], it is possible to provide the
tether motion equation in the orbit plane in the fol-
lowing form:

9428+ 0 )L/L+3(0™)*sin9cos3=0. (7)
From this equation, one can obtain the ordinary

differential equation of the first order with the cor-
responding initial condition

I 3(w”)?sin29+29
4(0” +9)

Assuming that the law of change is known, the so-
lution of equation (6) can be expressed as follows

B 3(0™)? sin29(t) +29(1)
Lt)=Lyexp _! 40" + (1)

Taking into account condition (8) and equation
(4), it is possible to obtain two more conditions for
the pitch angle:

80)=0, ¥T.)=0. (10)

Returning to Figure 1, one may see that to give
the law of change 3(7) a form close to that shown in
the Figure, it is sufficient to define at least one point
on this curve. It should be noted that the problem of
choosing such a point is ambiguous. Let us choose,
for example, the point ¢ =T, /2 and set the following
condition:

L:

. LO)=L,. ()

t

dr|. (9)

XT,/2)=F, .

Here, F,, is the unknown, in advance, amount of
the tether deflection on the pitch angle, which can be
chosen later during numerical simulation as a prob-
lem parameter. It is possible to introduce additional
parameters of the law 3(7) shape here. For example,

7
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as such a parameter, one may introduce the relative
instant T=aT.T, that allows writing down
S(t)=F, . (11)

Using already found restrictions for 9(7), after
differentiation equation (8) with respect to time, it
is possible to obtain the following restrictions from
conditions (5): -

XT;)=0, 8(T;)=0. (12)

Thus, for the creation of the program law of change
J(?), one can use nine conditions (1), (2), (10)—(12).

Setting various values of the duration Ty, one can
obtain the various dependencies of the tether length
L(t) . Then, from this set of solutions, one law can
be selected that corresponds to the given final length
of the tether, does not lead to a loss of tension in the
thread during deployment, and meets the other de-
scribed requirements.

One can construct the necessary law 9(¢) as any
finite power series. Its coefficients can be found from
the above-mentioned nine conditions. For example,
let the law 3(7) be in the form of a power series of the

eighth order
S(t)=) ¢ [—J
i=0 TF

Its coefficients found from nine conditions (1),
(2), (10)—(12) have the following expressions:

(13)

¢, =0,¢=0,¢,=0,¢,=0,
¢, =F, I((-1+aT,)*aT,;T;)

¢;=—4-F, /((~1+aT,) aTTy) | (14)

¢ =6-F [((-1+aT,) aT;Ty)
—4-F [((-1+aT,) aT,T}),
¢g=F, /((-1+aT,)*aT:TS) .
The law L(t)obtained according to expression
(13) depends on the law 3(f), which, in turn, depends

on the duration of the deployment mode, parameters

F,, aTy, and orbit radius, which defines the gravita-

tional torque value.

G

4. NUMERICAL INVESTIGATION
OF APPROPRIATE CONTROL LAW

Further, consider the implementation of the offered
method for creating the programmed control. With-

8
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Figure 2. Behavior of the pitch angle 3(7) vs. time ¢ at different
values of the deployment duration 7'

Table 1. Parameters of Case 1

Variants
Parameters
11 1.2 1.3 1.4
Fsr , rad —0.1 —0.15 —0.20 —0.25
aTF 0.2 0.3 0.4 0.5

out breaking the generality of the problem statement,
simplify the description by considering a tether with
two identical end bodies. Initially, the tether was de-
ployed and aligned to the local vertical. It also should
remain along the local vertical at the end of deploy-
ment. At the same time, the tether should have a set
length L(T,)=L,.

Choose the following values for the tether param-
eters:

* The end bodies have masses of 10 kg.

* The initial length of the tether is 3000 m.

* The orbit radius is 7000 km.

Let us proceed to find the law L(t) that solves the
problem.

Initially, consider several various values of the pa-
rameters F.and aT . for various values of the deploy-
ment duration in the range of T,=1000...10000 s.
(Case 1). Values for parameters F,, and a7’ are given
in the Table 1.
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Figure 3. Laws of change of the top branch length r vs. time at
different values of the deployment duration 77

In Figure 2, curves 3(¢) are displayed for variant
1_4 at different values of the deployment duration
T, in the accepted range according to formula (13).
Each line in this plot corresponds to a duration of the
specific mode. The dot-dash line in Figure 2 and all
other Figures represents the initial condition of the
end body of the top branch. The dashed line repre-
sents its final position. In the plot, it is evident that
as the value T, changes, the shape of the curve 3(7)
changes slightly, stretching along the time axis. To
evaluate the acceptability of any given program law
of motion, it is crucial to construct the programmed
law of change of the tether length L(t) over time.

Solving the initial value problem (8), one can ob-
tain this law for the number of values T, at the known
laws 3(7). The obtained law can only be implemented
if the tension force of the tether does not take nega-
tive values. Attempts to construct such laws for the
variants of the parameters given in Table 1 showed
that for variant 1 _1, the negative values of the ten-
sion force disappear only for values T,> 3000 sec.
For other variants from Table 1, the maximum value
T, at which the tension of the tether takes negative
values at certain time intervals, falls to 2000 sec. It
is simple to clarify this fact. With this initial length

ISSN 1561-8889. Kocmiuna nayka i mexnonoeis. 2024. T. 30. No 5

AT T
';c’km \\' T
!4 |~ ._—_h |
6 " ;: il
X .
iy e
4 ‘ ', [ “' .
N 4
[ "'r ‘L B ‘ 48 ‘ ~
g’ ==l
2 r ’i ]9 e
| - -
,.,,.-_;-,-— 1r =),
i ‘--0.4
8 6 —< "8 ‘&
7., 10°s ! 2 ©

Figure 4. The trajectories of the higher-end body vs. deploy-
ment duration T

of the tether and mass of the end body, the speed of
increase in the length of the tether is insignificant.
Therefore, the tether cannot significantly extend in a
short period and considerably deviate towards nega-
tive values of the pitch angle. So, in such cases, the
essential gravitational torque, which may turn it to
the local vertical at the end of the mode, is absent.

Since the shapes of the constructed curves for the
considered deployment modes for variants 1_1...1 4
differ qualitatively insignificantly, plots of the main
values only for variant 1_3 are provided further. In
Figure 3, laws of change in the top branch length ver-
sus time are shown at values T ranging from 2000 sec
to 10000 sec. Asseen in this Figure, the law of change
of length r, is not monotonous for the values of T; at
the initial part of the considered interval at the begin-
ning of deployment. Here, one can see a change in
the sign of the deployment speed, i.e., retraction of
the thread. If the deployment system is not adapted
for such a mode, then the found control laws can
be realized only if T, >4000 sec. The final length
of the tether increases not linearly with the deploy-
ment duration. This is natural because, with increas-
ing the length of the tether, the force of its tension
and the deployment speed increase. The graph shows
that with increasing deployment duration, the law of
change r, becomes smoother.
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Figure 5. The thread tension vs. time ¢ at different values of the
deployment duration 7'

Figure 6. The tether angular speed 9 vs. time 7 at different
values of the deployment duration 7'

10

In Figure 4, the trajectories of the higher-end
body are shown in the orbital frame of reference at
the same values of parameters F,. and aT}. Here,
it is seen that the first two trajectories on the right
have the shape of loops. This explains the occurrence
of time intervals in Figure 3, where the length r,is
reduced during deployment. Note that the scales of
deviation of the end body along axes Cx°" and Cy°"
do not coincide in Figure 4. This is done in order to
better describe the shape of trajectories in detail.

In Figure 5, laws of change of the thread tension
are shown. Here, one can see that the tension force
decreases at the beginning of deployment as a result
of the thread unwinding. The shorter the deployment
duration, the more pronounced this effect becomes.
This effect is expressed especially strongly for the
deployment with T, = 2000 sec. The tension force
begins to decrease slowly at the end of deployment
when the tether approaches the local vertical. Then,
it slightly decreases when the tether reaches the local
vertical after the damping of inertial forces and be-
comes equal to the steady-state value of the tension
for a tether located along the local vertical according
to the formula (6). However, there are no time in-
tervals during which the tension force takes negative
values in the case being considered.

Figure 6 depicts the change of the tether’s angular
speed 3 versus time in its angular displacement about
the pitch axis for the range of T, €[2000,10000] sec.
This angular speed in the considered deployment
mode always takes negative values. Besides, the
modulus of the angular speed of the tether 3 in
the orbital frame cannot be more than the orbital
angular speed ®” in this mode in the time interval
t e[t,,T;]. Otherwise, when approaching zero value
at the end of the deployment, it will take the negative
value the module of which is equal to the value of the
orbital angular speed. In such a case, the denomina-
tor in the right part of equation (8) will turn into zero,
and the equation (8), from which the control law can
be found, will degenerate. In terms of mechanics,
such a case corresponds to the tether translator mo-
tion in the inertial frame of reference.

Figure 7 presents graphs of the program laws of the
deployment speed (change of the vector r, length)
versus time at the same values of the parameters F,,
and aTy . Here, one can see that negative speed val-
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ues disappear only on the third curve on the right, for
which T, =4000 sec. As the deployment duration
increases, the curves become smoother.

Further, the following options of the parameters
were considered (Case 2, see Table 2).

The power series (13), as it is demonstrated by the
formulas (14), exhibits point symmetry of the dimen-
sionless parameter a7’y with respect to aT=0.5. For
physical reasons, this parameter’s value cannot be in
any way near zero or one. With such values a7, the
coefficients in the series (13) are equal to zero, and
the problem statement becomes meaningless. One
can see that in Fig. 8. The further the value a7, devi-
ates from 0.5, the greater the tether length at the end
of deployment. Observe that the maximum deviation
of the tether on the pitch angle is also increasing si-
multaneously. This value seems to be greater than the
F,, value that is fixed at the point t = a7 T}.

In Figure 8, the dashed line shows the dependence
of the final length of the tether branch on the param-
eter aly for variant 2_1. This 3D plot, as well as
the plot shown in Fig. 9, has mirror symmetry with
respect to the plane a7»= 0.5.

Figure 9 also shows trajectories of the end body
by variant 2_1 (Table 2). With such parameters, all
trajectories turn out rather smooth. The control laws
constructed for the considered values of parameters
allow increasing the length of the top branch of the
tether from one and a half km to seven km.

The influence of the parameter F,, on the control
law character was studied further (Case 3). The vari-
ants given in Table 3 were considered.

An increase in the tether length with the parameter
values following from variant 3_3 has a smooth charac-
ter (Figure 10, a), although, for variants 3 1, 3 2, this
character changes slightly (Figure 10, b). Additionally,
comparing Figure 10, we can conclude that if the de-
ployment duration T, is doubled at the same values of

Table 2. Parameters of Case 2

Variants
Parameters
21 22 23
Fsr, rad —0.15 —0.25 —0.50
aTF 0.3...0.75 0.3...0.75 0.3...0.75
TF, sec 5000 10 000 10 000
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Figure 7. The deployment speed 7, vs. time 7 at different values
of the deployment duration T,

Figure 8. Laws of change of the top branch length 7 vs. time ¢
at different values of the parameter a7
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Figure 9. The trajectories of the higher end body at different
values of the parameter aTp

Table 3. Parameters of Case 3

Variants
Parameters
31 32 33
Fsr, rad —0.1...1.0 —0.1...1.0 —0.1...1.0
aTF 0.5 0.5 0.5
TF sec 3000 5000 10 000

parameters F,, and aTp, then the final length of the
tether increases approximately four times.

The maximum length of deployment significantly
depends on the value of the parameter F,,, which
determines the maximum deviation of the tether by
the pitch angle. If, at F,, = —0.1 rad, the 1.5 km long
tether branch can be increased by only hundreds of
meters in 10000 sec, then, at F,= —1, this length can
be increased to dozens of kilometers. The research on
the tether tension force for the considered parame-
ters showed that for the cases corresponding to values
F, = —1rad and F,, = —0.9 rad, there are time in-
tervals between ¢t =1000 sec and ¢ =2000 sec where
the tension force takes negative values. This area is
outlined with a medium-thickness line in Figure 11
from the left. Naturally, such modes of deployment
cannot be realized. This situation is explained by the
fact that in the mechanical system under consider-
ation, with the deployment duration of 5000 sec, it is
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Figure 10. Laws of change of the top branch length r vs. time ¢
at different values of the parameter £, and deployment dura-
tion: a — T =10000s, b — T =5000s

not possible to reach such an angular deviation only
due to the Coriolis force.

Figure 12 plots the velocity of the thread exit versus
time. One can see here that the velocity of the thread
exit is required to be very high in this time interval for
cases F,, = —1 rad and F, = —0.9 rad. In this case,
such speeds cannot be reached by tether tension only.
Therefore, there is an area of negative values of the
tension of the tether, shown in Figure 11.

Trajectories of the tether’s higher end body in
projection on the plane Cx%)°" of the orbital frame
are shown in Figure 13. Here, as well as in Figure 9,
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Figure 11. The tether tension force 7'vs. time ¢ at different val-
ues of the parameter F,, and deployment duration 7= 5000 s

Figure 12. The velocity of the thread exit vs. time ¢ at differ-
ent values of the parameter F;, and deployment duration 7=
=5000s
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Figure 13.The trajectories of the higher end body at different
values of the parameter F,,

scales on the Cx°" and Cy°" axes are chosen differently
to show the trajectories’ shapes better. The shape of
the trajectories of the end body becomes smoother
and smoother as the absolute value of the parameter
F,, decreases. Judging by these plots, loops may ap-
pear on the trajectories when F,, is further increased
in absolute value. At the same time, deployment will
become more technically challenging. If the deploy-
ment duration is increased from 5000 up to 10000 sec,
trajectories will have such a smooth character as the
left trajectory in Figure 4.

5. NUMERICAL SIMULATION
OF PROGRAMMED-CONTROLLED DEPLOYMENT

Let us apply the obtained results to create the control
law for the deployment of the tether aligned along
the local vertical to the pre-specified length with the
preservation of the final vertical orientation. Consid-
er the tether of two point masses of 10 kg each, with
an initial length of 3000 m. Investigate the process
of its deployment to a length of 60,000 m. If the pa-
rameters of the mode are set to F,, = —0.5 rad and
aTr= 0.5, then it is only necessary to define the ad-
equate deployment duration T,. Using the results
of the previous numerical research, we establish by
interpolation that the required deployment duration
with an accuracy of up to 1 second is equal to 9939
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Figure 15. The magnitudes of the angular momentum vec-
tor K€ and errors G of simulation vs. time ¢

14

seconds. With such deployment duration, the tether
length has to become equal to 60001.7 m. If neces-
sary, the accuracy of the calculation can be slightly
increased. This can be done by correcting both the
T, values and other parameters. Now, it is necessary
to carry out the numerical simulation of the deploy-
ment process controlled by the found program law.

For this purpose, use motion equations of the
tether of variable length in the form of the equations
of Hill-Clohessy-Wiltshire (HCW), which describe
the space motion of point masses concerning the
mass center of the tether [9]. Following the tradi-
tional derivation of these equations, with the chosen
direction of axes of the orbital reference frame, they
can be written in the following vector form:

= 2075+ 307V ~Te, )/ m, -

20" x]" =Te, (2)/m,—

—(0” )z ~Te,(3)/m}, (i=1,2). (15

As length is not included obviously in the equa-
tions, knowing program laws of change in time of the
pitch angle and length of the tether, based on equa-
tion (5), one can construct the programmed law of
change of the tension force. Consequently, the equa-
tions (15) will be completed, and one can carry out a
numerical simulation of the tether deployment.

The trajectory of the end body motion of the top
tether branch is plotted on the plane Cx°)°" as a re-
sult of the numerical solving of the initial value prob-
lem for HCW equations (15) with the accepted initial
conditions. This trajectory is shown in Figure 14. The
scale of deviations of the end body along both axes of
the orbital reference frame is not equal in this plot.
Points with a notation of the relative time instant cor-
responding to each of them are plotted on the trajec-
tory. The top branch of the tether is depicted at the
instant £ =T, /2. One can see from the plot how un-
even the motion of the end body along the trajectory
is. Such irregularity is formed as a result of the de-
pendence of the speed of the tether deployment on its
tension and, consequently, on its length. Therefore,
the finishing part of the trajectory is completed much
quicker than its initial part having the same length.
The tether branch length is increased from the initial
value of 1500 m to 30000.85 m during 9939 sec as a
result of applying the constructed program control.
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Numerical integration of the initial value problem
was carried out by Runge-Kutta’s method with the
constant integration step of 0.01 sec.

To take the elasticity of the thread into account, a
correction should be entered into the computing pro-
gram for the calculation of the real distance between
end-bodies. The length of the deployed stretched
thread should be controlled during deployment ac-
cording to the solution (9), i.e., L = L(¢) . This means
that if the deployment device fixes the length of the
non-stretched thread L(t), then the correction
L(t) = L(t) — AL(t) should be entered into the
control law for the real deployment system. Here,
AL(t) = T(t)L(t)/(EF+T(t)), EF isthe thread ex-
tensional stiffness. It is rather simple to implement
such an adjustment by measuring the tension or using
its program values. If the current distance between
the tether bodies is measured during deployment,
then there is no need to make corrections for the law
of change of the tether length.

The monitoring of the errors of calculations was
carried out during numerical simulation. The current
magnitude value of the angular momentum vector,
constructed based on the current values of the phase
variables of the problem for the equations (15), was
compared to its values obtained from the theorem
of change of the angular momentum of the tether
under the gravitational torque effect. In Figure 15,
the continuous line corresponds to the magnitude of
the angular momentum vector of the tether. For both
calculation cases, these curves on graphics practical-
ly coincide. The dashed line characterizes the differ-
ence in the calculation of these values in two speci-
fied ways. It is obvious that errors in calculations are
quite acceptable for the practice.

6. CONCLUSIONS

Summing up the results, one can say that a new meth-
od of program control by the additional deployment
of a space tether has been developed, which, in terms
of the control theory, is an underactuated mechanical
system. The tether model used in creating the pro-
grammed control law consists of two point masses
connected by a massless elastic thread, moving in
the plane of a circular orbit in the central Newtonian
field of forces and described by ordinary differential
equations in spherical coordinates. This mechani-
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cal model has two degrees of freedom and only one
control channel. Considering that the tether moves
in the gravitational field of forces, a new approach is
proposed for the development of the control for un-
deractuated systems. We have imposed restrictions
on the tether pitch motion that allow controlling the
pitch motion of the tether, using active control only
by its length. Physical reasons were used to formu-
late the necessary constraints, and methods for solv-
ing the inverse problems of the dynamics were used
for the creation of the control law based on the teth-
er’s length. As a result of the conducted research, the
program control has been developed, which has al-
lowed for solving the problem related to the mechan-
ical model of the specific tether with three degrees of
freedom.

Using such a control law, it is possible to deploy a
tether from the initial state along the local vertical in
the same vertical position, but already with a greater
length, the size of which can be set in advance. We
have conducted numerical research, which has al-
lowed us to define the influence of various parameters
of the control law on the behavior of a tether during
deployment. Graphs have been plotted for various sets
of parameters, which give an idea of the character and
numerical characteristics of the dynamic processes
when performing deployment. Since the created con-
trol law provides a quasistatic change of the tether pa-
rameters, accounting for the elastic properties of the
thread is carried out in a quasistatic approach. The
error estimation is carried out during the numerical
simulation of the deployment of a specific tether to
the specified length. This makes it possible to gauge
the veracity of the data acquired and demonstrates the
practical applicability of the strategy.
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Annex Nomenclature

aTy = parameter of control law shape
¢ (i=0,..,7) = coefficients of power series
EF = thread longitudinal rigidity
e, (NE=1,2,j=1,2,3) = directing cosines of position vectors of point masses in the orbital frame of reference
F, = parameter of control law shape
K€ (¥) = vector of t angular momentum about mass center C
K3C (7) = projection of angular momentum on Cz°" axis
L, L, Lf = current, initial, and final distance between end point masses
m;(i=1,2) = masses of end-bodies
mC (7) = vector of external torque
M A (1) = magnitude of gravitational torque
r, T, = position vectors of point masses relative to point C
r(1) = magnitude of position vectors
rp(t) = programmed law of #(f) change
r ) = programmed law of #(7) change with correction for elasticity
T = force of thread tension
Ty = duration of deployment
t = time
S(1) = speed of change of length L(?)
x 2 (i=1,2) = projections of T, T, onto orbital frame
Ar(f) = correction of program law rp(t) for the elasticity of thread
9 = pitch angle
o = angular velocity of orbital tether motion
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127 YouyiXilu, Xi’an 710072 Shaanxi, Kurait

2[HCTUTYT KOCMIYHMX JOCTiKeHb HarlioHanpHOT akanemii Hayk YKpainu Ta JIepskaBHOTO KOCMIYHOTO areHTcTBa YKpaiHu
IIpocnexkt Akanemika [ymkosa 40, kopr. 4/1, Kuis-187, Ykpaina, 03680

TMMPOTPAMHE KEPYBAHHS JOOATKOBUM PO3TOPTAHHSM KOCMIYHOI 3B’S13KU
13 3BEPITAHHAM 11 TOYATKOBOT BEPTUKAJIbHOT OPIEHTALLIT

O06’eKT IIbOTO TOCTIKEeHHST — KOCMIiUHA 3B’513Ka IBOX TiJl, 3’ €MHAHNUX 6€3MacoOBUM TPOcoM. MeTa HOCTiKeHHST — Mo0ya0Ba
MPOrPaMHOTO KepyBaHHS PEXKUMOM 301IbIIIEHHS TOBXKWHU TOMEPETHBO PO3TOPHYTOI KOCMIYHOI 3B’ I3KH i3 30€peKeHHSM il
MOYaTKOBOI BEpPTUKAIbHOI opieHTallii. /1151 1IbOro BUKOPUCTOBYIOTHCSI PiBHSHHS PYXY 3B’SI3KM 3MiHHOI TOBXWHM, 3aliCaHi
y chepuuHux KoopauHarax. [ToOymoBaHO mporpamMHe KepyBaHHSI JOBXKWHOIO 3B’SI3KM, siKe 3a0e3Ieuye HeoOXiaHy 3MiHYy ii
KiHETMYHOTO MOMEHTY TIiji BIUVTMBOM CUJI I'paBitaliiiiHoro moss. HoBusHa pe3ybsratiB JOCTiIKEHHS MOJIsIrae B HOBOMY TTiji-
X071 10 MoOyI0BY KepyBaHHS MaJOMPUBIAHUMU MEXaHIYHUMU CUCTEMaMU, Y SKUX KUJIbKICTh KaHAIiB KepyBaHHS MEHIIIA 3a
KiJTbKIiCTh CTyNeHiB cBoGoau. TyT BHaeThecst MOOYAyBaTH TaKe KepyBaHHSI JOBXKXUHOIO 3B’ I3KH, SIKE TO3BOJISIE KEPYBaTH il pyXoM
i KyTOM TaHTaXy, BAKOPUCTOBYIOUM JIMIIIE OINH KaHaJI KePYBaHHS — 3MiHa TOBXWHU 3B’ 3KU. [{J151 LIbOTO BUKOPUCTOBYETHCS
nacuBHa, ajie KepoBaHa Jiisl Ha 3B’sI3Ky rpasiTaliitHoro MmomeHTy. L1106 mocsartu takoro edexkTy, MpONmOHYEThCS HaKIaaaTh
OOMEXEHHSI Ha PyX 3B’SI3KM 10 TAHTaXYy, sAKi (hpopMajbHO 3MEHIIYIOTh KiJIBKICTh CTYMEHIB cBOOOAM cucTeMu. Lle no3Bossie
peasizyBaTu 3alaHuii peXXuM pyXy MpY KEPYBaHHi TUIbKHM 3a CTYTIEHEM CBOOOIHU, 1110 3A/IMIIUBCS. Bua Takux oOMexXeHb BU-
3HAYAETHCS 3 OMISAAY Ha (pi3zuuHi MipKyBaHHS. BHacIigok BpaxyBaHHS BCiX BUMOTL, 11O Mpe’ IBJSIIOThCS 10 PEXUMY TOATKO-
BOTO PO3TOPTAHHSI, BIAETHCS IMTOOYAYBATH 3aKOH 3MiHU KyTa TAHTAXY 32 YACOM, 1110 OTIUCYETHCSI CTETIEHEBUM PSIIOM BOCHBMOTO
nopsiaky. [IpoBeneHo netanbHe YKceTbHE TOCTIIKEHHS BIUTMBY MapaMeTpiB pexXnuMy, TaKuX sSIK TPUBATICTh PO3TOPTAHHS Ta
nepenbdayyBaHa (hopMa 3aKOHY 3MiHM KyTa TAHTaXYy 3a YaCOM, Ha JOBXKUHY PO3rOPHYTOI 3B’SI3KM Ta XapakTep ii MOBEAiHKM Y
npoiieci po3roptaHHs. HaBeaeHo yncenbHMii NpUKIa 3aCTOCYBaHHS po3pobaeHoro Metoy. YuceapHe MOIETIOBAHHST PEXU-
My 3IiiICHIOETbCS B paMKax iHTerpyBaHHs 3aBaaHHs Kouii s piBHsAHB ['ina — Kiorecci — Yaiituripa. [TposeaeHo KinbKic-
HY OLIIHKY MOXMOOK YMCEIbHOTO MOJIEIIOBAaHHS. Pe3yabraT 00UMCiIeHb MPOLTIOCTPOBAHO rpadiuHoO.
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